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Introduction 


If you are intending to study $382 or S383 or both, you should make sure that you have the necessary 
background knowledge and skills to be able to enjoy either course fully and to give yourself the best 
possible chance of completing it successfully. 


In order to help prepare you for studying S382 or S383 we have therefore produced two documents. The 
first is this Are you ready for ...? document, which includes a set of self-assessment questions designed for 
you to test your own preparedness. The second document is entitled An Introduction to Astrophysics and 
Cosmology comprising over 200 pages of revision material. This latter document is available for download 
from the Physics and Astronomy subject website 


http://learn.open.ac.uk/site/physics-astronomy 


by following the link to ‘Extra study skills and resources’. It contains essentially all the mathematics, 
physics and astronomy that we expect you to be familiar with before embarking on S382 or S383. 


First, you should read through these notes carefully and work through the self-assessment questions. This is 
a useful exercise for all prospective students of the course, even for those who have already studied other 
Open University science and mathematics courses and have completed the recommended prior study 
courses for $382 or S383 (see Section 1 below). Working through these diagnostic notes will serve as a 
reminder of some of the knowledge and skills which it is assumed that students will bring with them either 
from OU Level 2 science and mathematics courses or from other prior study. 


If you find that you can answer virtually all of the questions in these notes, then it is likely that you are well 
prepared to take on $382 or S383. However, if you find that you have substantial difficulties with more than 
two questions in any of Sections 2, 3, 4, 5 or 6, then you should take one of two actions: 


1. Ideally, you should consider taking one or more Level 2 OU courses that will prepare you for S382 or 
$383, as described in the following section. If you are not able to do this, or if you have already taken 
these courses but need reminding of their contents, then you should: 


2. Spend time working through the relevant chapters of the document An Introduction to Astrophysics 
and Cosmology. The entire 200-page document is likely to require between 40 and 60 hours of study, 
if you need to study it all, but is not a substitute for taking the Level 2 courses themselves. 


| Suggested prior study 


$382 Astrophysics and $383 The Relativistic Universe are Level 3 courses in astrophysics and cosmology 
which make intellectual demands appropriate to the third year of a conventional degree. Astrophysics 

and cosmology are subjects which rely on astronomy, physics, and most importantly mathematics. In 
particular, you will be best prepared for these courses if you have previously studied the appropriate 
level of mathematics, which would include differential and integral calculus. 


So, before attempting either of $382 or S383, you are recommended to have good passes (pass 1 or 2) in 
Level 2 courses in astronomy, physics and mathematics. Suitable OU courses covering the astronomy 
background include $282 Astronomy, S283 Planetary science and the search for life and SXR208 
Observing the Universe (or the predecessor course S281); for the physics background, S207 The Physical 
World (or its predecessor $271); and for the mathematics background MST209 Mathematical Methods and 
Models (or its predecessor MST207). These are by no means your only options. You will be able to start 
$382 or S383 if you have taken fairly recently, and passed well, courses equivalent to HND standard in 
physics or mathematics, or studied to at least the second year of a degree in one of these subjects. If you are 
coming to S382 or S383 without having studied any of the Level 2 science or mathematics courses 
recommended above, it is essential that you establish whether or not your background and experience 
give you a sound basis on which to tackle the course. The self-assessment questions in this document are 
designed to help you determine this. 


2 Manipulating numbers and symbols 


Mathematics is a vital tool in astrophysics and cosmology — it provides the language in which ideas are 
expressed and in which processes are described. Before embarking on either S382 or $383 you will 
therefore need to be fluent in your ability to manipulate and solve algebraic equations, including the use of 
powers, roots, reciprocals and imaginary numbers. You must be able to work with logarithmic (log,, and 


log.) and trigonometric (sin, cos, tan) functions and understand what vectors and matrices represent and 
how they are combined. You should also be comfortable with graphical representations of equations, and be 
able to interpret what they show, as well as being able to calculate and combine measurement uncertainties. 


If you have difficulty with more than two of these questions, you should consider taking an introductory 
mathematics course such as S151 or MST121. Alternatively you should work through Chapter 1 of An 
Introduction to Astrophysics and Cosmology. 


Question 2.1 Simplify the following expression to the greatest possible extent. 


{aye x an2 
a-1/3/qi/2 : 


Question 2.2 Combine the following two equations to eliminate mz, and obtain an expression for v2 in 
terms of g, i, P, m1, G and 7. 


q=m1/m2 


m3 sin? i Py 


(mi, +m2)?  2nG" 


Question 2.3 Find the values of x which satisfy the following quadratic equations, and then re-write each 
equation as the product of two factors. (a) 6x? — 77 — 153 = 0, (b) 4x2 + 81 =0. 


Question 2.4 Assume h = 6.626 x 10-34 kg m? s-!, G = 6.67 x 10°"! kg“! m® s~? and 
c = 2.9979 x 108 ms7t. 


(a) Determine the SI unit of the quantity defined by 


he 
A= \4/—. 
27G 
(b) Calculate the numerical value of A and express your answer in scientific notation to an appropriate 
number of significant figures. 


Question 2.5 The age t, spin period P and rate of change of spin period Pofa pulsar are related by the 
equation t = P/ 2P. Take logarithms of this equation and determine what is the gradient of lines of constant 
age on a graph of log P versus log P, and what is the vertical offset (interval) between lines of constant age 
for every factor of ten increase or decrease in age. 


Question 2.6 Ten measurements are made of the wavelength of a spectral line in the spectrum of a star. 
The mean value of these measurements is 585 nm and their standard deviation is 6 nm. 


(a) What uncertainty should be quoted for the mean wavelength? (b) Are the measurements consistent 
with a suspected true value for the wavelength of 591 nm? (c) If the mean value needed to be known with a 
precision of +1 nm, how many measurements of the wavelength would have to be made? 


Question 2.7 A function y(t) is believed to have the form y(t) = at”, where a and n are unknown 
constants. Given a set of pairs of data y and t, what form of graph would you plot to enable you to determine 
the unknown constants? 


Question 2.8 The shortest side of a right-angled triangle has a length of 5.0 cm and the smallest internal 
angle is equal to 0.395 radians. (a) What are the sizes of all the internal angles in degrees? (b) What are 
the lengths of the other two sides of the triangle? 


Question 2.9 A three-dimensional position vector r has components 
(6.0 cm, 8.0 cm, 10.0 cm). (a) What are the components of the corresponding unit vector7? (b) What is 
the result of multiplying a scalar by this unit vector? (c) What is the value of the scalar product r + r? 


Question 2.10 If matrices P and @ are as defined below, show that the transpose of the product of the two 
matrices (PQ) is equal to the product of the transposed matrices with the order reversed Q P’. 


2 4 6 
Pat, 10 


3 Stars and planets 


Before embarking on $382, you should be familiar with some of the general terminology of astronomy and 
planetary science. You should also be aware, in general terms, of the structure and composition of stars and 
planets and of how stars form and evolve. You should be familiar with observational astronomy techniques, 
including how stars and exoplanets are observed, and the characteristics that quantify the performance of 
astronomical telescopes. 


The material in this section is not as relevant for S383. 


If you have difficulty with more than two of these questions, you should consider taking one or more 
introductory astronomy courses such as $282, S283 or SXR208. Alternatively you should work through 
Chapter 2 of An Introduction to Astrophysics and Cosmology. 


Question 3.1 The star Regulus has a mass of 1.0 x 10°! kg, a radius of 2.45 x 10° m and a luminosity of 
1.7 x 109 W. Express the mass, radius and luminosity of this star in solar units to an appropriate number of 
significant figures. (You may assume that Mo = 2.0 x 10°° kg, Ro = 7.0 x 10° mand Lo = 3.8 x 107° W.) 


Question 3.2 The star Altair has a trigonometric parallax of 7 = 0.198”, and a proper motion 
of 4. = 0.66” per year. What are (a) its distance in units of pc (parsec), and (b) the magnitude of its 
transverse velocity in km s~!? (Note that 1 pc = 3.086 x 10!3 km.) 


Question 3.3 Briefly outline the key events in the life cycle of a star and describe how the evolutionary 
track of a star may be represented on a Hertzsprung—Russell diagram. 


Question 3.4 Explain how the absolute magnitude and spectral type of a star may be determined, in order 
to place it on the observational Hertzsprung—Russell diagram. 


Question 3.5 Explain what is meant by the effective temperature of a star and state how it is related to the 
star’s luminosity and radius. 


Question 3.6 Use the classification of the following stars to arrange them in order of (a) increasing 
effective temperature, (b) increasing mass, (c) increasing radius, and (d) increasing luminosity. 


Regulus (class B7 V), Procyon (class F5 V), Betelgeuse (class M2 I) 
Question 3.7 What is the proton—proton chain? 


Question 3.8 Broadly speaking, what are the two types of planet present in the Solar System, and how do 
their structural properties compare? 


Question 3.9 (a) Briefly describe the three main techniques by which planets around other stars have 
been detected. (b) Fora planet of a given mass, which methods are more likely to detect planets with small 
orbital radii rather than those with large orbital radii? (c) For a planet of a given orbital radius, which 
methods are more likely to detect planets with large masses or radii, rather than those with small masses 

or radii? (d) Aside from the obvious observational difficulties involving smaller brightness at greater 
distance, which methods work independently of distance? 


Question 3.10 Consider the following characteristics of a visual telescope: (i) light-gathering power, (ii) 
field-of-view, (iii) angular magnification, (iv) limit of angular resolution. Summarise how each of these four 
characteristics depends on the aperture D, and the focal length f, of its objective lens or mirror (for a given 
eyepiece of focal length f.). 


4 Galaxies and the Universe 


Before embarking on $383, you should be familiar with some of the general terminology of high-energy 
astronomy and cosmology. You should also be aware, in general terms, of the structure and evolution of 
galaxies, including active galaxies, and the structure and evolution of the Universe as a whole. 


The material in this section is not as relevant for S382. 


If you have difficulty with more than two of these questions, you should consider taking an introductory 
astronomy course such as $282. Alternatively you should work through Chapter 3 of An Introduction to 
Astrophysics and Cosmology. 


Question 4.1 (a) Briefly outline the structure of our galaxy, the Milky Way, and describe its overall 
contents. 


(b) State how other galaxies are classified according to their morphology. 


Question 4.2 The radio galaxy 3C31 has a redshift of z = 0.0169. 
(a) What is the apparent speed of recession of the galaxy in kms !? 
(b) What is the distance to the galaxy? (Assume Hy = 70.4 km s~! Mpc7!, c = 3.00 x 10° km s7!.) 


Question 4.3 Define what is meant by the two forms of spectral flux density, /) and F,, and state how 
they are related. 


Question 4.4 Summarise the unified model for AGN and describe how it explains the differences between 
type 1 Seyfert galaxies and type 2 Seyfert galaxies, and between radio galaxies and blazars. 


Question 4.5 (a) Explain what is meant by the curvature of the Universe and describe how the scale 
factor R(t) of the Universe varies with time in models for which k = —1, 0 or +1 with a cosmological 
constant A = 0. (b) How does the scale factor change with time in a universe with k = 0 and A positive? 


Question 4.6 (a) Show that the Friedmann equation can be written as 
87G Ac? ke? 
2 a 
3 (- us =a) R2’ 
where His the Hubble parameter, R is the scale factor, p is the density of the Universe, & is the curvature 
parameter, A is the cosmological constant, c is the speed of light and G is the gravitational constant. 
(b) Show that the equation above may itself be rewritten as 
ke? 
~ RH? 
where Q = Qy + Qa, i-e. the sum of the matter density and the density attributed to the cosmological 
constant, each expressed as a fraction of the critical density peri, = 3 2 /8nG. 


Q-1 


(c) Hence justify the statement that if Qn + Q, = 1, then & = 0. 


Question 4.7 Draw a ‘time-line’ for the history of the Universe that indicates the major events that 
occurred at different times from the Planck time to the present day. Include on this time-line an indication of 
the temperature of the cosmic background radiation at the times of these events. 


Question 4.8 (a) What are the current best estimates for the density parameters of the Universe (Qa 0, 
Qm,o and QQ) 9), the curvature of the Universe k, the Hubble constant Ho, and the age of the Universe? 
(b) What are the two principal observational measurements which allow these determinations to be made? 


5 Calculus 


Before studying $382 or S383, in addition to the basic mathematics described earlier, you should also be 
comfortable with calculus representation (e.g. da/dt and { y dx) and be able to manipulate and solve 
differentials and integrals involving simple algebraic functions, exponentials and trigonometric functions. 
An awareness of methods such as the chain rule, product rule, integration by substitution and integration by 
parts will be a distinct advantage. 


If you have difficulty with more than two of these exercises, you should consider taking a mathematics 
course such as MST209. Alternatively you should work through Chapter 4 of An Introduction to 
Astrophysics and Cosmology. 


Question 5.1 A graph is plotted of the speed v(t) of a particle as a function of time t. (a) What is 
signified by the gradient of the graph at a particular value of t and how may this be written as a differential 
function? (b) What is signified by the area under the graph between ¢ = ¢ and ¢t = tz and how may this be 
written as an integral function? 


Question 5.2 If y(t) = 6 sin(3t?), use the chain rule to find dy/dt. 
Question 5.3 If y(x) = 22°/(x + 3)4, use the product rule to find dy/dz. 


Question 5.4 The pressure, volume and temperature in an interstellar gas cloud are related by 
PV = NkT, where N and k are constants. Use the technique of logarithmic differentiation with respect to 
time to find an expression for T'/T’, where T is a shorthand for dT/dt. 


Question 5.5 Approximate the function f(z) = exp(3z) using a second-order Maclaurin series 
expansion. 


Question 5.6 If pis a scalar field describing the density inside a star, write down an expression for grad p 
and explain what it signifies. 


Question 5.7 Evaluate the indefinite integral [ (2 + aa") dx 


Question 5.8 Evaluate the definite integral i (x? — 1)* 2x dz by using the substitution u = x? — 1. 


Question 5.9 Starting from the product rule for differentiation, derive the expression which describes the 
technique of integration by parts. In what circumstances can this technique make integration easier? 


Question 5.10 If p(r, ¢, 4) is a function describing the density inside a star with reference to spherical 
polar coordinates, explain what is signified by the multiple integral 


TrT=R_ ph=20n pO=7 
| | | p(r, @, 0) r? sin 6 dr do dé. 
r-0 J¢-0 J6=0 


6 Physics 


The physics subject-oriented knowledge required for S382 and S383 includes awareness of general concepts 
such as forces, work, energy, power and momentum, and familiarity with Newton’s laws of motion and 

of gravity. You should recognize basic concepts in electricity and magnetism and properties of matter, 
particularly gases. You should also be comfortable with the idea of emission line, absorption line, and 
continuous spectra and the information which they convey. Finally, an awareness of general concepts in 
quantum physics, such as photons, energy levels and wave—particle duality will be useful, as will some 
familiarity with nuclear processes such as radioactivity, and a basic understanding of special relativity. 


If you have difficulty with more than two of these questions, you should consider taking a physics course 
such as S207. Alternatively you should work through Chapter 5 of An Introduction to Astrophysics and 
Cosmology. 


Question 6.1 A hydrogen molecule in an interstellar cloud of gas has a mass of 3.35 x 10-2” kg anda 
speed of 200 ms~!. (a) What are its translational kinetic energy and the magnitude of its linear 
momentum? (b) If the molecule undergoes an acceleration of 5.00 m s~? for 10.0 s, how much work 
is done on the molecule? (c) What is the magnitude of the force acting on the molecule whilst it is 
accelerating? (d) How far does the molecule travel whilst it is accelerating? 


Question 6.2 Determine the mass of the Sun, given that the orbital radius of the planet Mercury is 
5.79 x 101° m and that its planetary year lasts 88.0 Earth days. (G = 6.67 x 10-1'! N m? kg~?.) 


Question 6.3 A (super fast!) train of length 20 m in its own frame of reference (B) races towards a tunnel. 
In the frame of reference (A) in which the tunnel is at rest, the length of the tunnel is 10 m. The speed of the 
train is such that, in frame of reference A, the train length is contracted to 10 m. 


(a) Calculate the speed of the train with respect to the tunnel. 


(b) In frame of reference A the arrival of the front of the train at the far end of the tunnel (Event 1) is 
simultaneous with the rear end of the train entering the tunnel (Event 2) . Calculate the time interval 
between Event | and Event 2 in the train’s reference frame (B). 


Question 6.4 Particle A of rest mass m and translational kinetic energy 2m’ hits and sticks to a 
stationary particle of rest mass 2m. Use the equations of relativistic mechanics to find an expression for the 
rest mass / and the speed vc of the composite particle C, both in terms of m only. 


Question 6.5 The core of a star collapses suddenly to become a neutron star, and in the process no mass is 
lost. As a result of the collapse, what happens to each of the following quantities describing this system: 
(a) moment of inertia, (b) angular momentum, (c) angular speed, (d) rotational kinetic energy? 


Question 6.6 Consider a fixed mass of an ideal gas. (a) What happens to the pressure exerted by the gas 
if it is allowed to expand whilst maintaining a constant temperature? (b) What happens to the pressure 
exerted by the gas if its temperature is increased whilst maintaining a constant volume of the gas? (c) How 
do the average energy and average speed of the gas molecules alter if the absolute temperature is doubled? 


Question 6.7. (a) A hydrogen atom makes a transition from the n = 5 energy level to the n = 1 energy 
level. What is the energy of the photon that is emitted? 


(b) A hydrogen atom absorbs a photon of energy 1.89 eV. Between which two energy levels does it make a 
transition? 


(c) What happens if a hydrogen atom in its ground state absorbs a photon whose energy is 15.0 eV? 


Question 6.8 The Boltzmann equation (below) predicts the number of atoms JN, in a particular energy 
level (with energy E,,) relative to the number of atoms Nj in the ground state (with energy F) for a gas at a 


temperature 7’. The constants g,, and g; are weighting factors and k is the Boltzmann constant. Describe 
briefly the effect on the population of energy levels as the temperature is increased. 


Nn _ Yn (En = Fj) 
exp : 
Ny G1 kT 


(b) The Saha ionization equation (below) predicts the number of ions N* relative to the number of neutral 
atoms NV; in the ground state for a sample of gas at a temperature J’. The number of free electrons is given 
by N, and J is the ionization energy. Other quantities are all constants. Describe briefly the effect on the 
relative numbers of ions and neutral atoms as the temperature is increased. 


N+ (2am. 3? (kT)3/? I 
Mm \ PR Noo RE 


Question 6.9 The unstable isotope of carbon represented by 13C undergoes (~-decay. Write down a 
balanced equation to describe this process, indicating what nucleus is formed as a result. 


Question 6.10 A particle of electric charge q travels in a region of uniform electric field of magnitude € 
and uniform magnetic field of magnitude B at a speed v. What are the magnitudes of the electric force and 
magnetic force acting on the particle and how do the directions in which these forces act differ? 


Question 6.11 A beam of electromagnetic radiation has a frequency of 1.20 x 10?° Hz. (a) What is the 
wavelength of this radiation? (b) What is the energy, in electronvolts, of the photons of which the beam is 
composed? (c) For what temperature of black body spectrum would the mean photon energy have 

this value? (d) Which part of the electromagnetic spectrum corresponds to radiation of this photon 
energy? (You may assume c = 3.00 x 10° ms~!, h = 6.63 x 10794 Js, k = 1.388 x 10773 J K~! and 

1 eV = 1.60 x 10-!9J,) 


Question 6.12 An interstellar gas cloud has an optical depth of 7 = 10.0 for radiation of a particular 
wavelength. By what percentage is the intensity of radiation of this wavelength reduced on passing through 
the cloud? Is the cloud optically thick or optically thin? 


7 Other skills 


Before studying S382 or $383 you will find it useful to have acquired the following skills: 


Basic study skills: organize time for study, learn to pace study, read effectively to identify relevant 
information and data from scientific texts and accounts. 


Writing skills: the ability to write coherently, present arguments in a logical sequence, and write a scientific 
account with appropriate diagrams. 


$382 and S383 include significant use of a personal computer, including access to the Internet, as well as 
use of purpose-written computer-based interactive tutorials. Previous experience with using a computer 
would be helpful but is not essential. 
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Answers 


Answer 2.1 
(a3)1/6 gm? a3/6 x qi/3 ail? x qil3 x ql/2 
a~1/3 /qi/2 ~ @2 x q-l/2 a2 


— g(1/2)+(1/3)+(1/2)-2 _ 4 (84+2+3-12)/6 _ ,—4/6 _ 4-2/3. 


Answer 2.2. From the first equation, mz = m,/q, and substituting this into the second equation: 
m3 sin? i _ Pu 
= 
(m, 4 my ) 27G 


Dividing both the top and bottom lines of the left-hand side of this by m? gives 


my, sin? i _ Py3 
[1+ (1/q)?  2nG’ 


which may be rearranged to end up with 


_ 27Gmy4 via “2 
_ Gres me 


Answer 2.3 (a) Using the general formula for solving a quadratic equation of the form az” + ba + c = 0, 
namely z = (—b + Vb? — 4ac )/2a, we have x = (7 + \/49 — (4 x 6 x —153) )/12 = (7 + V3721 )/12 
= (7+61)/12. So x = 53 or x = —45. The original equation may therefore be written as 

6(2 — 53)(«@ +45) = 0 or (8x — 17)(22 + 9) = 0. 


(b) The equation may be rearranged as 42? = —81 or 2a = iv/81, where i is the imaginary unit: i = /—1. 
Hence the solutions are x = +9i/2 and the original equation may be rewritten as 4(x + 9i1/2)(a — 91/2) = 0 
or (2a + 93) (2x — 91) = 0. 


Answer 2.4 (a) Both the digit 2 and the constant 7 are dimensionless, i.e. they have no SI unit. So 
putting the units for h, c and G into the equation, the SI unit of A must be 


kg m’s-!xme-! | kg m*s~? 
kg~' m3 5-2 Vi kg! m3 5-2 


and then m® and s~? cancel on the top and bottom lines, leaving 


and the SI unit of A is kg. 
(b) Putting in the numbers: 


ae — x 10-54 x 2.9979 x 108 
7 an * 6.67 x 10-4 
Since the values in the question are given to varying numbers of significant figures, the answer should be 


given to the same accuracy as the least accurate number given, which is G with only 3 significant figures. 
The final answer is therefore A = 2.18 x 10-° kg. 


kg = 2.1771 x 10~° kg. 


Answer 2.5 Taking logarithms to the base 10 of the equation we obtain log t = log P — log 2 — log P. 
This may be rearranged as log P = log P — log t — log 2. So, on a graph of log P versus log P, lines of 
constant age will have a gradient of +1. For every factor of 10 increase (or decrease) in the age, the vertical 
offset (interval) between these lines will be —1 (or +1) logarithmic units respectively. 


Answer 2.6 (a) The uncertainty o,,, in the mean value of n measurements is related to the standard 
deviation s,, of the measurements by o;, = S;,/./n. SO om = 6 nm/V10 ~ 2 nm. Note that this is much 
smaller than the uncertainty in a single measurement, which is represented by the standard deviation of 
6 nm. 


(b) The difference between the mean value (585 nm) and the suspected true value (591 nm) is 6 nm, which 
is three times larger than the uncertainty in the mean. Assuming that values of the means that would be 
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obtained from many sets of ten measurements have a Gaussian distribution, then the probability of the value 
of the mean differing from the true value by three times the uncertainty in the mean is only 0.003. It is 
therefore unlikely, though possible, that the true value is 591 nm. 


(c) If om = 1 nm, and s,, = 6 nm, then \/n = s,,/om = 6, and so n = 36. So reducing the uncertainty 
from 2 nm to 1 nm would require almost four times as many measurements. 


Answer 2.7 Taking logarithms (to the base 10) of each side of the proposed equation yields 

logy = loga+ nlogt. So plotting a graph of log y against log t would yield a straight line whose intercept 
on the vertical axis is equal to log a and whose gradient is equal to n. Hence both a and n could be 
determined from the graph. 


Answer 2.8 (a) An angle of 0.395 radians can be converted into degrees as follows. Since 7 radians is 
equal to 180°, the angle in question is (0.395 radians) x (180°)/(a radians) = 22.6°. One of the other 
internal angles is a right angle (90°), so since the internal angles of a triangle add up to 180°, the third angle 
is 180° — 90° — 22.6° = 67.4°. 


(b) Let the hypoteneuse of the triangle be of length h and the other unknown side be of length b. The 
smallest angle will be opposite the smallest side of the triangle, so sin 22.6° = 5.0 cm/h and therefore 
k= 13.0 em, Similarly,.tan 22.6" = 5.0: em/b; so b= 12.0'em, 


Answer 2.9 (a) A unit vector is defined as r = r/r, i.e. a vector r divided by its own magnitude r = |r|; 
it is dimensionless. The magnitude of r is 


r = |r| = V/(6.0 cm)? + (8.0 cm)? + (10.0 cm)? = 14.1 cm. 
So the unit vector has components 


~ 6.0cm 80cm 10.0cm 
si 14.1cm ? 14.1 cm ’ 14.1 cm 


) = (0.43,0,57, 0.71). 
(b) The effect of multiplying a scalar by this unit vector is to produce a vector whose magnitude is equal to 


that of the original scalar, and whose direction is the same as that of the vector r. 


(c) The scalar product r - r is defined as r? cos @ where, in this case, 9 = 0° and so cos 6 = 1. Alternatively 
rer =(r24+ r + r2). In either case the value of the scalar product is simply the magnitude of the vector r 
squared or 


r-r=|r|? = (6.0 cm)? + (8.0 cm)? + (10.0 cm)? = 200 cm”. 


Answer 2.10 The product of the two matrices is given by a 2 x 2 matrix whose elements are as follows: 


r= ( (2x3)+(4x7)+(6x11l) (2x5)+(4x9)4+(6~x 13) ) 
~ \ (8x 3) 4+ (10 x 7) 4+ (12x11) (8x5) + (10 x 9) 4+ (12 x 13) )° 


Hence the resulting matrix is 
100. 124 
a= ( 226 ae 
The transpose of this product is simply 


»_ ( 100 226 
ee) ae a 


Now, the transpose of the two original matrices are 


2 8 
P= 4 10 
6 12 


pf FF Td 
= ( 5.9 13 
and the product of these with the order reversed is a 2 x 2 matrix with the following elements: 


pl (3 x 2)+(7x 4)+(11 x6) (3x 8)+(7x 10) + (11 x 12) 
@ oe el een el rernae 


So the resulting matrix is 
roy ( 100 226 
el, al 
Hence (PQ)’ = Q’P’ as required. 
Answer 3.1 The mass of Regulus is (1.0 x 103! kg) /(2.0 x 10°° kg M5") = 5.0 Mo. 
The radius of Regulus is (2.45 x 10° m)/(7.0 x 108 mR5') = 3.5 Ro. 


The luminosity of Regulus is (1.7 x 107° W)/(3.8 x 107° W Lg") = 450 Lo. 


All answers should be expressed to an accuracy of 2 s-f. 


Answer 3.2 (a) Distance in parsec is related to trigonometric parallax by d/pe = 1/(m/arcsec). So in 
this case d = 1/0.198 = 5.05 pe. 


(b) An angular shift of 0.66” at a distance of 5.05 pc corresponds to a displacement of 

(5.05 pe) x tan(0.66/3600)° = 1.616 x 10~° pc. Converting this to a path length in kilometres yields 
(1.616 x 10~° pe) x (3.086 x 1013 km pe!) = 4.987 x 108 km. This is the transverse distance travelled 
in one year, so the magnitude of the transverse velocity is (4.987 x 10° km/year) / (365 days/year x 

24 hours/day x 3600 seconds/hour) = 16 km s~. 


Answer 3.3 Stars are formed by the collapse of fragments of dense molecular clouds. When the central 
regions become hot enough for nuclear fusion to be initiated, the star is born on the zero age main sequence 
of the H-R diagram. The star remains on the main sequence whilst undergoing hydrogen fusion in its core 
by the proton—proton chain or the CN cycle. When hydrogen in the core is exhausted, helium fusion may 
begin, and occurs by the triple alpha process. In low-mass stars this happens by way of an explosive helium 
flash. Other nuclear fusion reactions are subsequently possible in massive stars. When nuclear fuel is 
exhausted the star ends its life in one of several ways, depending on its mass. Low mass stars shed their 
outer layers as planetary nebulae and the core collapses to form a white dwarf. Massive stars explode as 
supernovae and the core collapses to form a neutron star or black hole. 


A star’s position on the H-R diagram is determined by its luminosity (vertical axis) and photospheric 
temperature (horizontal axis). For the majority of its life a star will remain in almost the same place on the 
H-R diagram, on the main sequence. As it undergoes different nuclear fusion reactions in its core, its 
luminosity and temperature will change, so it will move around the H—-R diagram. The particular track 
followed depends essentially on the mass of the star. 


Answer 3.4 A star’s absolute magnitude M7 may be calculated by measuring its apparent magnitude m, 
and then correcting for its distance away d and the interstellar absorption which the light has suffered A. 
The relationship is M = m+ 5 — 5logygd+ A, where d is in parsec. 


A star’s spectral type is related to its photospheric temperature. A broad colour of the star may be 
determined as the difference between two photometric magnitudes, such as mp — mp; redder stars (with a 
larger value of mp — mg) are cooler whilst bluer stars (with a smaller value of mp — mR) are hotter. A 
more detailed measure of the temperature, and hence spectral type may be obtained from measuring the 
spectral lines from the star’s photosphere. O-type stars have lines from ionized and neutral helium with 
weak hydrogen lines; B-type stars have weaker ionized helium lines, stronger neutral helium lines and 
stronger hydrogen lines; A-type stars have the strongest hydrogen lines and no helium lines; in F-type stars, 
hydrogen lines are weaker but ionized metal lines (calcium, iron, etc.) appear; whilst in G-type stars metal 
lines are stronger and hydrogen lines are very weak; K-type stars have the strongest calcium lines; the 
coolest M-type stars have molecular bands, notably those of titanium oxide. 


Answer 3.5 The effective temperature of a star is the temperature of a black body source which has the 
same radius and luminosity as the star. The flux escaping through the star’s surface is F = L/47R?, 
where L is the star’s luminosity and R is the star’s radius. However, the flux is related to the black body 
temperature by the Stefan—Boltzmann law: F = oT“, where o is the Stefan—Boltzmann constant, 

5.67 x 10-8 W m~? K~*. So the effective temperature of a star may be defined as Tyg = ¢/L/4r0R?. 


Answer 3.6 From the classifications, Regulus is a relatively hot main sequence star, Procyon is a cooler 
main sequence star, and Betelgeuse is an even cooler supergiant star. 


(a) In order of increasing effective temperature: Betelgeuse, Procyon, Regulus 


(b) In order of increasing mass: Procyon, Regulus, Betelgeuse 
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(c) In order of increasing radius: Procyon, Regulus, Betelgeuse 

(d) In order of increasing luminosity: Procyon, Regulus, Betelgeuse 

In fact, the effective temperature, mass, radius and luminosity of the three stars (in solar units) are as shown 
in Table 1 


Table | See Exercise 3.6 


effective temp. mass radius luminosity 


/K IMs [Ro [Lo 
Betelgeuse (M2 I) 3500 20 800 50 000 
Procyon (F5 V) 6500 1.3 1.2 25 
Regulus (B7 V) 14500 5.0 3.5 450 


Answer 3.7 The proton—proton chain is the route by which low-mass stars fuse hydrogen nuclei (protons) 
to make nuclei of helium. The most common route for the p—p chain is as follows: 


i1H+jH->7H+et+y, 
*H + 1H — 3He + 7 
3He + 3He — SHe + 21H. 


About 25 MeV of energy is released for each helium nucleus which is formed in this way. 


Answer 3.8 The Solar System is broadly separated into terrestrial planets (predominantly rocky and 
metallic in composition) in the inner region, and giant planets (predominantly gaseous) in the outer regions. 
The terrestrial planets have metallic cores overlaid by rocky mantles; some of them have atmospheres. The 
giant planets have small rocky cores, overlaid by either a thick layer of fluid helium and metallic hydrogen 
(Jupiter and Saturn) or liquid icy materials including water, ammonia and methane (Uranus and Neptune). 
Above this in each case is a thick atmosphere composed predominantly of hydrogen and helium. 


Answer 3.9 (a) The three main techniques are as follows: (i) the Doppler spectroscopy or radial velocity 
technique whereby the periodic shift in spectral lines from a star indicates it is being tugged to-and-fro by an 
orbiting planet; (ii) the transit photometry or occultation technique whereby a periodic dip in the brightness 
of a star indicates the transit of an orbiting planet; (iii) the gravitational microlensing technique whereby the 
rapid brightening of a background star undergoing microlensing has a small spike superimposed on its 
lightcurve indicating the presence of a planet in the vicinity of the foreground star. 


(b) A planet that is closer to its star will have a shorter orbital period. A planet with a small orbital radius is 
more likely to pass across the disc of the star, and will do so more often, than a planet with a larger orbital 
radius. Such a planet will also be more likely to give rise to a microlensing event which is close in time with 
the microlensing event due to its parent star. Close-in planets also have greater speeds and so can exhibit 
greater radial velocity Doppler shifts. Hence all three techniques are more likely to detect planets with small 
orbital radii rather than those with large orbital radii. 


(c) Although the densities of planets do vary, it is fair to say that larger planets will generally also be more 
massive. Such large planets will block out more light from their parent star when they transit. Planets with 
large mass will have a larger Einstein ring and so will be more likely to microlens a background star, and 
will also have a longer microlensing timescale. A more massive planet will also cause a greater radial 
velocity Doppler shift, and so result in a more easily detectable wavelength shift. Hence all three techniques 
are likely to detect planets with large radii and masses rather than those with small radii and masses. 


(d) Neglecting the fact that brightness will fall with distance, all three techniques are independent of the 
distance to the planetary system. 


Answer 3.10 (i) The light-gathering power is proportional to D2, but independent of f,. (ii) The 
field-of-view is inversely proportional to f,, and independent of Do, although it does depend on the 
diameter of the eyepiece field stop. (iii) The angular magnification is proportional to f5, but independent of 
Dg. (iv) The limit of angular resolution is inversely proportional to D, and independent of f>, but note that 
it varies with wavelength. 


Answer 4.1 (a) The Milky Way is a typical spiral galaxy comprising a disc, a halo and a nuclear bulge. 
Young, high metallicity, population I stars are found mainly in the spiral arms, and somewhat older 
population I stars are found throughout the disc. Older, low metallicity, population I stars are found in the 


halo (including globular clusters) and the nuclear bulge. HII regions (ionized hydrogen) and open star 
clusters are found in spiral arms and are associated with star formation. 


(b) Other galaxies are classified according to their shape as elliptical, lenticular, spiral or irregular. 


Answer 4.2 (a) For small redshifts, the speed of recession is related to the redshift by v = zc. So in this 
case v = 0.0169 x 3.00 x 10° km s~' = 5070 kms“!. 
(b) The distance to the galaxy is related to its redshift by d = cz/Hp. So in this case 

(3.00 x 10° kms~+) x 0.0169 


d= = 72.0 Mpc 
70.4 km s~! Mpe7! 


Answer 4.3 Spectral flux density F is the power per unit area per unit wavelength range received from an 
astronomical object. At a given wavelength, it is the rate at which energy from a source, with wavelengths in 
a narrow range A, is delivered to a detector of area 1 m?, divided by this wavelength range. 


Similarly, spectral flux density F;, is the power per unit area per unit frequency range received from an 
astronomical object. At a given frequency, it is the rate at which energy from a source, with frequencies in a 
narrow range Ay, is delivered to a detector of area 1 m?, divided by this frequency range. 


The two forms are related by v F, = A F). 


Answer 4.4 All AGN are believed to be powered by a central, supermassive black hole accreting via an 
accretion disc. Surrounding this is a torus of gas and dust. In radio-loud AGN, a pair of jets emerge 
perpendicular to the accretion disc. The region which produces the broad emission lines is close to the black 
hole, whilst the region that produces the narrow emission lines is further out. The unified model suggests 
that the main differences between subtypes of AGN are due to viewing the system at different inclination 
angles. 


Seyfert galaxies are radio-quiet spiral galaxies: they have no jets. Type 2 Seyfert galaxies exhibit only 
narrow emission lines. They are believed to be oriented such that our view of the broad line region is 
obscured by the torus. Type | Seyfert galaxies exhibit both broad and narrow emission lines. They are 
believed to be oriented such that our view of the central engine is not obscured by the torus. 


Radio galaxies and blazars are both radio-loud types of AGN. Radio galaxies are believed to be viewed from 
the side, such that we see one or both of the radio jets projected onto the plane of the sky. Blazars are 
believed to be viewed end-on, such that we are effectively looking down the axis of one of the jets. 


Answer 4.5 (a) Curvature is a geometric property of spacetime that may be used to describe departures 
from flat geometry. If the Universe has a curvature parameter & = 0, then angles within a triangle add up to 
180° and parallel lines remain parallel. If the Universe has a curvature parameter 4; = +1, then angles 
within a triangle add up to more than 180° and parallel lines may eventually converge. If the Universe has a 
curvature parameter /; = —1, then angles within a triangle add up to less than 180° and parallel lines may 
eventually diverge. 


In a universe with / = —1 and A = 0, the scale parameter will become ever larger as time progresses. Such 
a universe is said to be open. In a universe with k = 0 and A = 0, the scale parameter will become ever 
larger as time progresses, but the expansion will forever decelerate. Such a universe is said to be critical. 
Both the open and critical models correspond to a universe which is infinite at all times. In a universe with 
k = +1 and A = 0, the scale parameter will first increase and then decrease, as time progresses. Such a 
universe is said to be closed and is finite in size. 


(b) In a universe with k = 0 and A > 0, the scale factor will forever increase, but the expansion will 
decelerate at early times, and later the deceleration will change into an acceleration. 


Answer 4.6 (a) According to the Friedmann equation 
. 87GR? Ac? 
R= ——_ | — ke’. 
3 (+ = =a) : 


Now, H(t) = R(t)/R(t), so to get H? on the left-hand side of the Friedmann equation, divide both sides by 
ioe 
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as required. 


(b) Now multiplying both sides of this equation by 3/87G gives 


3H? Set Ac? 3k? 
8rG p 87G 87GR? 
3H? ke? 


Le. Perit = P+ PA — an EPR? 
Dividing both sides by peit gives 


p PA ke? 


——a 
Perit Perit Hn? 
ke? 
= On + OA Fra pe 
Letting 2 = Qy + Qa, gives 
ke? 
sa 


as required. 

(c) Now, if Qm +O, = 1, then Q = 1, s0 Q — 1 = 0. Therefore 
ke? 

H?R? 


and hence / = 0 as required. 


= 0 


Answer 4.7 A time-line for the history of the Universe is shown in Figure 1. 


primordial 
neutrino nucleosynthesis 
inflation/ . decoupling a 
end of grand electromagnetic recombination 
unification _and weak electron — /last scattering 
Planck interactions positron of CMB present 
time become distinct annihilation photons day 
‘ L 1 | 1 1 1 1 | 1 1 1 | 1 1 1 1 | 1 1 | 1 1 1 1 | 1 1 1 1 | 
time/s 10740 10~30 10729 10710 1 1019 1029 
temperature 1032 K 1072K 105K 1.5x10!9°K 3000K 3K 
few x 108K 
Figure | The major events in the evolution of the Universe from the Planck time to the present day. 


Answer 4.8 (a) Recent results indicate Qa 9 = 0.73, Qmo = 0.27 and Q)4,9 = 0.044, implying 
a Universe dominated by dark energy, and in which most of the matter is non-baryonic dark 
matter. The curvature of the Universe is likely k = 0 and the Hubble constant is measured to be 
Ho = 70.4kms~! Mpc~!. The corresponding age of the Universe is tg = 13.7 x 10° years. 


(b) The values above are principally based on measurements of the spatial fluctuations of the cosmic 
microwave background radiation provided by the Wilkinson Microwave Anisotropy Probe (WMAP) and 
measurements of the brightness of distant type Ia supernovae. 


Answer 5.1 (a) The gradient of a graph of speed against time at a particular value of ¢ is the magnitude 
of the acceleration (or the negative of the magnitude if the gradient is negative, i.e. a deceleration) of the 
particle at that instant of time. In symbols, a(t) = du(t)/dt. 


(b) The area under a graph of speed against time between two limits is the distance covered by the particle 
between these two times. In symbols s(t) = i u(t) dt. 

Answer 5.2. Put u = 3¢? then du/dt = 6t. Also, y = 6sin u so dy/du = 6 cos u = 6 cos(3t?). 

Now, using the chain rule, dy/dt = dy/dux du/dt, we have dy/dt = 6 cos(3t?) x 6t = 36t cos(3t?). 


Answer 5.3 First, put u = 2a? and v = (a + 3)~“, then y = uv and we can use the product rule: 


d(uv) ust = tu 
dx dx dx 
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It is straightforward to find du/dx = 6x”, and dv/dx = —4(x + 3)~°. Finally putting this all together, 


d . 
~ = [2x3 x —4 (a + 3) | + l(@ +3)! x 6x? 
& 
—82° 6x? 
a ae 4a: 
(a + 3) (a + 3) 


Answer 5.4 Taking natural logarithms of each side of the equation, 
log, P + log, V = log, Nk + log, T. 
Now taking the time derivative of this expression, noting that in general d(log, x)/dt = «/x, and that N 
and k are constants, we have 
P i Vf 
PY 
Answer 5.5 The first and second derivatives of the function are f’(2) = 3exp(3x) and 
f" (x) = 9exp(3z). So the second-order Maclaurin series expansion is 


exp(3x) = f(0) + xf’(0) + 2*f"(0)/2! 
exp(3x) = exp0 + «(3 exp 0) + 27(9exp0)/2 
exp(3z) = 1+ 324 97/2. 


Answer 5.6 In terms of components 
Op Op Op 
dp=Vp=(|=—,>—,7]}- 
poe i & Oy Oz 
Grad p is a vector field which describes the density gradient within the star. 


Answer 5.7 


9 4 
[ (2+3) de = 2log.2 + 7 +6. 
=e 


Answer 5.8 Setting u = x? — 1, clearly du/dx = 2x or du = 22 dx. Substituting these into the original 
integral gives 


1 4 y=1 
| (a? — 1) 2edx = / u’ du. 
0) x=0 


Now, evaluating this integral is straightforward: 


r=1 57 ¢=1 
U 
/ u* du = =] ; 
We now reverse the original substitution to give 


pe a aan 
pe] vo O= (17/5 S175. 


Answer 5.9 The product rule for differentiation is 
d(uv) du i du 
a v 
dt dt dt 


where u and v are both functions of ¢ in this case. If we now integrate the above expression with respect to ¢ 
we obtain 


d(uv) du du 
dt = — dt — dt 
/ dt / vat / "dt 


remembering that dt/dt = 1, this simplifies to 


w= fudo+ f vdu. 
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Finally, rearranging this result we obtain the desired expression for integration by parts, 


[uses [va 


Success with the formula relies on choosing u and dv such that { v du is easier to calculate that [ u dv. 
Answer 5.10 This is a volume integral and the evaluation of it will give the total mass of the star. 
Answer 6.1 (a) The translational kinetic energy of the molecule is 
Exr = 0.5mv? 
= 0.5 x (3.35 x 107?” kg) x (200 ms7')? 
=6.70% 10°" J 


The magnitude of the linear momentum of the molecule is 
p=mv 
= (3.35 x 10-2" kg) x (200 ms~*) 
= 6.70 x 10° kgms_!. 
(b) The work done on the molecule is equal to its change in kinetic energy (or equivalently the magnitude 


of the applied force multiplied by the distance over which it acts). The final speed of the molecule is found 
from 


v=u+tat 
= (200 ms~') + (5.00 ms~?) x (10.0s) 
= 250ms_!. 


The final translational kinetic energy is 
Exe = 0.5mv? 
= 0.5 x (3.35 x 107?” kg) x (250 ms7')? 
=1047 «10° J. 


So the work done on the molecule is 


W = AExg 
= (10.47 — 6.70) x 10°" J 
= 3.77 x 10-7 J. 


(c) Using a form of Newton’s second law of motion, F’ = ma, the magnitude of the force acting on the 
molecule is 


F = (3.35 x 107?’ kg) x (5.00 ms~) 
= 1.68 x 10-76 N. 


(d) The distance covered by the molecule whilst it is undergoing an acceleration may be found from 
= ut + pat? 
s=ul+ 5a 
1 
= (200 ms~! x 10.0 s) + 5% 5.00 m s-* x (10.0)? 


= 2250 mor 2.25 km. 


Answer 6.2 A planet of mass m moving in a circular orbit of radius r with uniform angular speed w must 
be subject to a centripetal force of magnitude F = mrw”. If this force is supplied by the gravitational 
attraction of the Sun, then by Newton’s law of universal gravitation, 


Q GMom 
Mr = : 


2 


For a planet with angular speed w, the orbital period is P = 277/w, so replacing w in the equation above by 
27/P gives 
(27)?mr | GMam 


P? r2 


Rearranging and cancelling the common terms, this yields 


(27)?r3 


Mo = “Epa 


Putting in the numbers we have, 

(27)? x (5.79 x 10° m)3 
(6.67 x 10-11.N m?kg~?) x (88.0 x 24 x 3600s)? 
= 1.99 x 10° kg. 


Mo = 


Answer 6.3 (a) We use the formula for Lorentz contraction L = Lg,/1 — V?/c?, where L is the length 
of the train in frame of reference A and Jo is the length of the train in the frame of reference in which it is at 
rest, B. So 10 m= 20m x,/1 — V2/c?. Hence ,/1 — V2/c? = 1/2 or V?/c? = 3/4 and so V = V3c/2. 
(b) In order to calculate the time interval between two events in the train’s frame of reference, it 

is necessary to transform the time coordinates of Event | and Event 2 in frame of reference A to 

those in frame of reference B. Suppose that Event 1 and Event 2 occur at (2, = 0, t; = 0) and 

(22 = —L, tg = 0) respectively in frame A. We know from above that V = /3c/2 so V? = 3c?/4 and 
therefore 1 — V?/c? = 1/4. Therefore, using the Lorentz transform, 


iz t-Va/e 


1 —V2/2 
ty - - _ 
Event 1: i= Vas =o CG 
J/l1-V2/e 1/2 


te —Va/c? _ 04+ V3L/2c _ JBL 


Jiavyje tp c 


Event2: t= 


So t, = (V3 x 10 m)/(3.0 x 108 ms~!) = 5.8 x 1078 s. The time interval in frame of reference B is 
therefore such that Event 2 occurs 5.8 x 10~* s after Event 1. 


Answer 6.4 The following equations will be needed: 


Ejor = be ; 
1-8 
mu 

p= a 
C2 


Now, let the total relativistic energy of particles A and B before the collision be Es, + Eg and the 
total relativistic energy of particle C after the collision be Ec. Since relativistic energy is conserved, 
Ex + Eg = Ec, but remember that each term can be made up of different amounts of relativistic 
translational kinetic energy and mass energy. 


Similarly, let the magnitudes of the initial and final momenta be pa + pp and pc respectively. Since 
relativistic momentum is conserved pa + pgp = Pc. 


Now, since the total relativistic energy is the sum of the relativistic translational kinetic energy and the mass 
energy, the initial energy of particle A is Ex = 2mc? + mc? = 3mc?, whereas the initial energy of particle 
Bis Eg = 0+ 2mc? = 2mc?. Therefore Ey + Eg = Ec = 5mc?. 

The initial momentum of particle A can be found from ER = pic + m?c*, which in this case gives 
(3mc?)? = prc? + m?c*. Dividing through by c? and rearranging, we have p? = 8m?c?, so pa = V8me. 
Since particle B is stationary, pg = 0. Therefore pa + pgp = pc = V8mce. 
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Now, the total relativistic energy of particle C is 


Ec= 5mc? = ihe 


jess 
and the relativistic momentum of particle C is 


pc = V8me = ———— 


To solve these two equations for M in terms of m, divide the energy equation through by @ and square the 
result to get 


2.2 

25m? = ae 
a ae 

Cc 


Now squaring the momentum equation gives 


M?v22 
8m? = e re 
C= 


Dividing this through by c? and rearranging we have 


8m? = ve (MM? + 8m?) 


Now we have two equations for MZ and vc in separate terms, and they can therefore be combined to find an 
expression for each in terms of m only. We have 


M?¢? 
8imn2c? = (2 — c ) (MM? + 8m?) 


25m? 
M42 8M? 
2.2 DD 2,2 
8mc = M*c + 8m*c m2 35 
oe bien 8M? 
25m 25 
M? _ 8 
25m2 25 
17 
M? = — x 25m? 
25 
M? = 17m? 


so the rest mass of the composite particle is M = 17m. 
The speed of the particle is then 


2 Me 
to ene 
a 17m?¢? 

. 25m? 

17 
ve = 7 (1 = = 
8c? 
"= 35 


so the speed of the composite particle is ue = V8c/5, which is about 57% of the speed of light. 


Answer 6.5 (a) The moment of inertia J of a solid sphere is proportional to its radius squared (in fact for 
a uniform sphere J = 2M R? /5). So, since the mass M remains constant but the radius R is reduced, the 
moment of inertia will decrease. 


(b) Since no external torques act, the angular momentum of the system is constant (T = dJ/dt = 0). 


(c) Since the magnitude of the angular momentum J depends on the product of the moment of inertia and 
w, the angular speed (J = Iw), the angular speed must increase to compensate for the decrease in the 
moment of inertia. 


(d) The rotational kinetic energy depends on the moment of inertia and the square of the angular speed 
(Exot = 51 w*), but Jw is constant and w increases, so the rotational kinetic energy must also increase. 
Answer 6.6 (a) Using the ideal gas equation, PV = NkT, if V increases whilst N and T are kept fixed, 
then clearly P must decrease. So the pressure exerted by the gas will decrease. 


(b) Using the ideal gas equation again, if TJ’ increases whilst N and V are kept fixed, then clearly P must 
increase. So the pressure exerted by the gas will increase. 


(c) The average energy of the molecules is proportional to the absolute temperature and the average speed 
of the molecules is proportional to the square root of the absolute temperature. So if the temperature is 
doubled, the average energy also doubles, whereas the average speed increases by a factor of \/2. 


Answer 6.7 The energy levels of the hydrogen atom are determined by the equation E,, = —13.60 eV/n?, 
where n is an integer. The energies of the first six energy levels are therefore: EF, = —13.60 eV, 
Ey = —3.40 eV, E3 = —1.51 eV, Ey = —0.85 eV, Es = —0.54 eV and Eg = —0.38 eV. 


(a) In making a transition from the n = 5 energy level to the n = 1 energy level, the atom emits a photon of 
energy (—0.54 eV) — (-13.60 eV) = 13.06 eV. 


(b) In order to absorb a photon of energy 1.89 eV, a hydrogen atom must make a transition from the n = 2 
energy level to the n = 3 energy level. 


(c) The atom is ionized. The first 13.6 eV is used to raise the atom from the ground-state energy level to a 
state in which the nucleus (proton) and electron are widely separated. The remaining 1.4 eV is transferred to 
the proton and electron as kinetic energy. 


Answer 6.8 (a) The Boltzmann equation predicts that, as the temperature increases, so the number of 
atoms in higher energy levels relative to the number in the ground state also increases. 


(b) The Saha ionization equation predicts that, as the temperature increases, so the number of ions relative 
to the number of neutral atoms in the ground state also increases. 


Answer 6.9 A (3~-decay occurs when a neutron transforms into a proton. So the mass number of the 
nucleus remains the same, but its atomic number increases by one. The balanced equation is 


jC + N+e7 + ie. 


The resulting nucleus is an isotope of nitrogen and an electron ((3-particle) and an electron antineutrino are 
emitted, carrying away the released energy. 


Answer 6.10 The magnitude of the electric force is Fy = g€ and the magnitude of the magnetic force is 
Frag = quB sin @, where 6 is the angle between the velocity vector of the particle and the direction of the 
magnetic field. The direction of the electric force vector is parallel to the direction of the electric field, 
whilst the magnetic force acts in a direction which is at right angles to the plane containing the velocity 
vector of the particle and the magnetic field vector. 


Answer 6.11 (a) Using c = Av, the wavelength of the radiation is 


d = (3.00 x 108 ms~*)/(1.20 x 10° Hz) 
= 2.50 x 107! mor 0.00250 nm. 


(b) Using Epn = hv, the energy of the photons of which this radiation is composed is 
Ey = (6.63 x 10-** J's) x (1.20 x 107" Hz) 
=7.96% 10 * I. 


Converting this into electronvolts: 


Eph = (7.96 x 107 J)/(1.60 x 10719 JeV—") 
= 4.98 x 10° eV or about 500 keV. 
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(c) Using (Epn) = 2.70KT’,, a black body spectrum whose mean photon energy is 500 keV would have a 
temperature of 


T = (By) /2-70k 
= (7.96 x 107" J) /(2.70 x 1.38 x 10-7 JK-+) 
= 2.14 x 10° K 


or just over 2 billion kelvin. 


(d) Photons with this energy lie close to the boundary between the X-ray and gamma-ray parts of the 
electromagnetic spectrum. 


Answer 6.12 The ratio of the amount of incident radiation to the amount transmitted is 


I 
7 = exp(—r) = exp(—10.0) = 4.54 x 10. 
0 


So the intensity of the radiation is reduced by (1 — 4.54 x 10~°) x 100% = 99.995%. The cloud is 
optically thick. 


